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Abstract 

Given a closed orientable Euelidean eone 3-manifold C with eone angles < tt and 
which is not almost product, we describe the space of constant curvature cone structures 
on C with cone angles < tt. We establish a regeneration result for such Euclidean 
cone manifolds into spherical or hyperbolic ones and we also deduce global rigidity for 
Euclidean cone structures. 



1 Introduction 

Let C be a closed orientable Euclidean cone 3-manifold with cone angles < vr. Its singular 
locus Sing{C) is a trivalent graph consisting of q circles and edges, that we enumerate from 

1 = 1 to q. To those edges one can associate a multiangle a = (ai, . . . , a^), where is the 
angle of the i-th circle or edge of Sing{C). Let further I = [li, . . . ,lq) denote the vector of 
lengths of singular circles and edges. We are interested in the space of cone structures on 
C obtained by changing the multiangle. 

Definition 1.1 A hyperbolic cone structure on C is a hyperbolic cone manifold X with an 
embedding i:{X,Sing{X)) {C,Sing{C)) such that {(x^"'""^^) is a retract ofC^""'"^''. 

Definition 1.2 A Euclidean cone 3-manifold C is almost product if C = {S^ x E'^)/G 
where is a two-dimensional cone manifold and G < Isom(S'^) x Isom(ii^^) is a finite 
subgroup. 

Theorem 1.3 Let C be a closed orientable Euclidean cone 3-manifold with cone angles 
< TT. If C is not almost product, then for every multiangle a € (0, vr)'^ there exists a unique 
cone manifold structure of constant curvature in { — 1,0, 1} on C with those cone angles. 

If all cone angles of C are tt, then every point in {^,iiY the multiangle of a hyperbolic 
cone structure on C . 

If some of the cone angles is < vr, then the subset E C (0, tt)^ of multiangles of Eu- 
clidean cone structures is a smooth, properly embedded hypersurface that splits (0, ttY into 

2 connected components S and H , corresponding to multiangles of spherical and hyperbolic 
cone structures respectively. Furthermore, for each a G E the tangent space of E at a is 
orthogonal to the vector of singular lengths I. 
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This theorem describes the structures corresponding to multiangles in the open cube. We 
can also describe the structures corresponding to multiangles contained in some parts of 
the boundary. For instance, we show that the multiangles contained in d[0, vr)'^ n [0, vr)'^ 
(i.e. none of the angles is vr and at least one of them is zero) are angles of hyperbolic cone 
structures. However, we do not give a description of structures in all points of c?[0, vr]'^, as 
this would involve studying collapses at cone angle vr and deformations and regenerations 
of Seifert fibered geometries. 

Corollary 1.4 Let O be an irreducible closed orientable 3-orbifold. If there exists a Eu- 
clidean cone structure C on O with cone angles strictly less than the orbifold angles of O, 
then O is spherical. 

Proof: To prove this corollary, we show in Lemma 12.51 that the Euclidean cone structure 
is not almost product, using the irreducibility of O. By Theorem 11.31 we can obtain a 
spherical cone structure on C by increasing any of the cone angles. We are using here that 
E is orthogonal to the vector of singular lengths I. By Proposition 18.21 the orbifold angles 
can be realized by a spherical cone structure. □ 

This corollary gives an alternative argument to the last step in the proof of the orbifold the- 
orem in |BLP2| . which is more natural from the point of view of cone manifolds. D. Cooper 
and S.P. Kerckhoff have announced a different approach to the spherical uniformisation. 

A special case of this theorem was proved in [Porj . assuming that the singular locus was 
a knot and a technical hypothesis involving cohomology. Even if some of the techniques of 
[Porj are used, this paper does not rely on it. 

Now we describe the organization of the paper: We are interested in the rotational part 
of the holonomy of the Euclidean cone manifold in 5*0 (3) (in fact its lift to Spin{'3>))^ that we 
denote by po- Some basic properties of this representation are studied in Section [2l In order 
to deform the structure, we view SO (3) as the stabilizer of a point in H'^ or S'^, thus we study 
the local properties of the varieties of representations in the isometrics of H'^ and around 
Po . This is done in Section HJ using the cohomological results of Section [3l In Section [5] we 
give the conditions for a deformation of the representation pQ to correspond to a path of 
hyperbolic or spherical cone manifolds. This is applied in Section [6] to construct paths of 
hyperbolic and spherical structures by deforming one of the cone angles. The analysis of 
the local parametrization of the variety of representations is completed in Section [71 where 
all deformations of the structure are constructed. The global results are established in 
Section [8l Finally, in Section [9] we illustrate the main theorem for cone manifold structures 
on the 3-sphere with singular locus given by the Whitehead link. 

Acknowledgments We thank Bernhard Leeb for helpful conversations on the contents 
of this paper and for sharing his ideas with us. 

2 Almost product structures 

Given a Euclidean cone manifold C, its smooth part is denoted by M = C — Sing{C). 
Then M has a non-complete and non-singular flat Riemannian metric. In particular it has 
a developing map 

dev. M ^ 
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and a holonomy representation 

hoi : TTiM ^ Isom+ = SO (3) x . 
We consider the composition of hoi with the projection ROT: Isom"'" R^ SO{3). 

Lemma 2.1 C is almost product if and only if the image of ROT o hoi ivriM 5*0(3) is 
contained in 0{2) C SO{3). 

Proof: If C is almost product then the lemma is straightforward. To prove the converse, 
we assume that the image of ROT o hoi is contained in 0(2) C 50(3). Since 0(2) has two 
components, composition with 0(2) — > 7roO(2) defines a morphism vriM Z/2Z and, if it 
is non-trivial, we take the corresponding covering. This induces a branched covering of C, 
with branching locus contained in the edges and circles of Sing{C) that have cone angle 
TT. Hence we may assume that the image of ROT o hoi is contained in 50(2). The vertical 
foliation of R'^ invariant under 50(2) induces an isometric flow of M. It extends to a flow 
on the whole of C, since this restriction of the holonomy implies that the components of 
Sing[C) are parallel to the leaves of the flow. 

If Sing{C) = 0, then O is a smooth flat manifold and the lemma is well known. Hence 
we assume that Sing{C) ^ 0. Since the components of Sing{C) are leaves of the flow, either 
all leaves are closed or they accumulate on tori at constant distance from the components 
of Sing{C). The latter is not possible, since the concentric tori of accumulation of fibers 
have principal curvatures of constant sign. Hence the leaves of the flow are closed, and they 
are leaves of a Seifert fibration, whose basis has a natural structure of a Euclidean cone 
2-manifold. 

One can construct a horizontal surface H perpendicular to the flow, and we can enlarge 
it as much as possible to be complete. Since H has cone angles < vr, the singular locus of 
H is finite. Thus H is compact and therefore the Seifert fibration is virtually a product. □ 

Definition 2.2 The Euclidean cone manifold C is Seifert fibered if it admits a Seifert 
fibration such that Sing{C) is a union of fibers. It is almost Seifert fibered if it is the 
quotient of a Seifert fibered cone manifold by a finite subgroup of isometrics that preserve 
the fibration. 

A cone manifold which is almost Seifert fibered but not Seifert fibered admits a partition 
by circles and intervals, so that the end-points of the intervals lie in singular edges with 
cone angle vr. This corresponds to an orbifold Seifert fibration. In particular, if cone angles 
are < vr, then almost Seifert fibered implies Seifert fibered. 

Corollary 2.3 The Euclidean cone manifold C is almost product iff it is almost Seifert 
fibered. In particular, if all cone angles of C are < vr and its smooth part is not Seifert 
fibered, then C is not almost product. 

Proof: Almost product implies trivially almost Seifert fibered. Assume now that C is Seifert 
fibered. Then the smooth part of O is a product. Let f € iri{C — Sing{C)) represent the 
fiber of this fibration. Since the components of Sing{C) are also fibers, the holonomy of / is 
either a nontrivial translation or a screw motion with non-trivial translation length. Since 
/ is central, the direction of this vector must be preserved. Thus the image of ROT o hoi 
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is contained in SO (2). It follows that when C is almost Seifert fibered, then the image of 
ROT o hoi is contained in 0(2), and by Lemma |2. II C is almost product. □ 



We consider the action by conjugation of 50(3) on M3x3(Ii) = EndCR^), the vector space 
of 3 X 3 matrices with real entries. 

Lemma 2.4 C is not almost product if and only if the only subspace o/M3x3(R.) invariant 
under ROT o hoi is the space of diagonal matrices. 

Proof: As 50(3)-module acting by conjugation, we have the splitting: 

M3x3(R) = Reso(3) ez^ 

where R is the set of diagonal matrices, so(3) = R"^ is the subspace of antisymmetric ones 
and = is the subspace of traceless symmetric matrices. 

The action on R is trivial and this space is always invariant. The action on so(3) is 
equivalent to the usual action of 50(3) on R^, and having a nonzero invariant vector in R^ 
is equivalent for ROT o hoi to be contained in 50(2). 

Since symmetric matrices diagonalize orthogonally, matrices in have an orthogonal 
basis of eigenvectors. Furthermore the sum of eigenvalues is zero, and therefore every non- 
trivial element has at least a one dimensional eigenspace. Thus having a non-trivial invariant 
element of Z^ is equivalent for ROT o hoi to have an invariant line, i.e. to be contained in 
0(2). □ 



Lemma 2.5 Let C and O be as in the situation of Corollary \l-4\ Then C is not almost 
product. 

Proof: By hypothesis the cone angles of C are < vr. Therefore if C is almost product, then 
C is a quotient of E"^ x where E"^ = 5^ (a, /3, 7) is a Euclidean turnover (a cone manifold 
structure on 5^ with three cone points of cone angles satisfying a + j3 + ^ = 2-k). This cone 
manifold E"^ embeds in C and induces an essential spherical 2-orbifold in 0, contradicting 
the irreducibility of O. □ 



3 Cohomology of the tangent bundle 

We assume from now on that M is the smooth part of a closed Euclidean cone manifold 
C which is not almost product. The latter assumption may be viewed as a nondegeneracy 
condition and is in that respect similar to the assumption of not being Seifert fibered in the 
deformation theory of spherical cone-manifolds, cf. |BLP2| . |Weil| . 

In the Euclidean case the flat bundle of infinitesimal isometries £ = 5o{TM) TM 
contains the bundle of infinitesimal translations Straus = {0} © TM as a parallel subbun- 
dle. The inclusion Straus C £ fits into a short exact sequence of flat vectorbundles and 
connection-preserving maps 

> £trans ^ £ ^ £rot ^ i 
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where £rot = so(TM) {0} carries the quotient connection {£rot C <f is not parahel!). In 
fact S'Tot 

is again isomorphic to TM as a flat bundle. This can for instance be seen if we 
look at the corresponding short exact sequence of Isom"*^ R^-modules 

— > R^^(.-)|^g — > tsom+R^id ^* so{2,)AdoROT — ^ 0. 

Now we have isomorphisms of Isom''" R^-modules 5o{'i) AdoROT — ^\d{ ■ )| 3 ~ -^/JOT' which 
in turn yield isomorphisms of flat bundles Erot — £trans — TM. Note that the first isomor- 
phism is particular to our 3-dimensional situation. We will freely identify TM with either 
Strans oi £rot from now on. 

The translational part of a Euclidean isometry cf) w.r.t. a base point p € R^ 

transp{(f)) = (j){p) — p 
gives rise to a cocycle transp : Isom"^ R'^ R'^ twisted by ROT, i.e. 

transp{4)i4)2) = tranSp{(j)i) + ROT {(f)i){transp{4)2)) 
for 4>i,4>2 £ Isom"'" R^ . 

Definition 3.1 The holonomy cocycle is the composition 

trans p o hoi : vriAf — > Y{? 

for some fixed p € R"^. 

This is a cocycle twisted by ROT o hoi, i.e. 

tranSp o /lo/ (71 72) = tranSp o hol{ji) + {ROT o hol{'yi)){tranSp o /io/(72)). 

for 71,72 G vTiM. The cohomology class of this cocycle is independent of p and is denoted 
by 

V = [tranSp o hoi] € H^{7riM ; KROTohol) ■ 

Let LJ G n^{M;TM) be closed and 7 a loop based at x € M. We define the integral of lo 
along 7 as 

/ ^ = / ^:;iM'rit))dt G , 

Jo 

where r^(f) denotes parallel transport along 7 from x = 7(0) to ■y^t) and we identify T^M 
with R^ by developing M on R^. For uj £ Q^{M;TM) closed the assignment 7 1— > J^uj 

defines a group cocycle € Z^(7riAf ; R^jq^^^^^), the so-called period cocycle of uo. The 
period map u) z^j descends to an isomorphism in cohomology 

P : H\M-TM) ^ H\'K,M-nloTohoi) 
[w] I — > [zj\ . 

Observe that on each side there is a canonically defined cohomology class. On the left hand 
side we have id G n^{M; TM) = T{M; T*M TM). id is parallel and gives rise to a class 
[id] S H^{M;TM). On the right hand side we have the class of the holonomy cocycle v. 
In fact, these classes coincide modulo the period map and correspond geometrically to a 
global rescaling of M: 
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Lemma 3.2 P{[id]) = v and the image of v in /^^(TriAf; isom"'"R^ 
deformation, which globally rescales the Euclidean metric on M . 



'Adohol 



) is tangent to a 



Proof: Let 7 be a loop based at a; € M and 7 a lift of 7 to M. We compute 



id = transdev{^{0)) ° hol{-f) 



which shows that the periods of id reproduce the holonomy cocycle defined with 
respect to deu (7(0)) S R^. Furthermore for 7 € ttiM let 

Pj(7) = {ROT o hol{-f), {t + l)transo o hol{-f)) G Isom+ . 

Then po = hoi and pt is the holonomy representation of M with rescaled Euclidean 
metric (t + l)'^g. We obtain pt{'y)hol{'y)~^ = {l,t ■ transQ o hol{'^)) and consequently 
^\t=o Pi^'^)^^^^'^)~^ ~ {Ojtransf) o hol{'y)). This means the corresponding path of char- 
acters is precisely tangent to v, cf. the later discussion in Section SI □ 

Let Ue{Sing{C)) denote the e-tube around Sing{C) in C minus the singular locus itself. 
Let M denote a compact core of M. dM is a disjoint union of tori and surfaces of higher 
genus. Note that the pair {M,U£{Sing{C))) is homotopy equivalent to the pair {M,dM), 
by homotopy invariance we may identify the corresponding cohomology groups. 

If {ri,6i,Zi) are cylindrical coordinates around the i-th edge and ipi = ipi{zi) is a function 
with (pi = near Zi = and ipi = U near Zi = li, we define as in |Weil| 



As in [Weilj we obtain: 

Lemma 3.3 The forms are bounded on Ue{Sing{C)), in particular L^. 

Geometrically, the classes [ujI^^] correspond to deformations of U^^Sing^C)) changing the 
length of the i-th edge. These deformations are independent. Therefore the following does 
not come as a surprise: 

Lemma 3.4 The classes [w^^,^] are linearly independent in H^[dM;TM), furthermore the 
relation [id\\QM = EiHeJ f^olds. 

Proof: The first assertion follows as in [Weilj . The periods of both forms id and J^i'^Ln 
reproduce the holonomy cocycle restricted to TTidM. Since the period map descends to an 
isomorphism in cohomology, the result follows. □ 

Lemma 3.5 H°{M;TM) = 0. 

Proof: This group is isomorphic to the subspace of R^ invariant under ROT o hoi, which 
is trivial since we assume that C is not almost product (see the proof of Lemma 12. 4p . □ 

From the long exact cohomology sequence we obtain: 



{Ue{Sing{C));TM). 
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Corollary 3.6 H^{M;S) = and the map H^{M;TM) H^{M;£) is an injection. 

To compute H^{M]TM) we use the L^-cohomology: Hj^2{M;TM). Our starting point is 
the following theorem of |Weil| . where the hypothesis about cone angles is used: 

Theorem 3.7 If M is the smooth part of a closed Euclidean cone manifold with cone angles 



Corollary 3.8 Hl^iM^TM) ^ R. 

Proof: Since every element of {M; TM) is represented by a parallel form, this cohomol- 
ogy group is isomorphic to the space of elements in (R^)* ® R^ = End(R*) = M3x3(R^) 
which are invariant under the action of ROT o hoi by conjugation. By Lemma 12.41 this 



Let M denote a compact core of M. By homotopy invariance H*{Ad; TM) = H*{M; TM). 
Lemma 3.9 The map H^{M;TM) H^{dM;TM) is an injection. 

Proof: Looking at the exact sequence of the pair (M,dM), it suffices to show that the 
image of the map j:H^{M, dM; TM) — s- H^(M; TM) is zero. To prove it, we observe that 
j factors through H^^iM-.TM). By Corollary ESI Hl2{M;TM) is one-dimensional and its 
generator is represented by the identity of TM. Therefore the image of j is contained in the 
span of [id\. By Lemma [3.4| [id\ restricts to a nontrivial class in H^{dM; TM). On the other 
hand, by exactness the image of j is contained in the kernel oiH^{M; TM) H^{dM; TM), 
hence it is zero. □ 

As a corollary of the proof above we notice: 

Corollary 3.10 The map Hl2{M;TM) H^{M;TM) is an injection. 

We may thus view L^-cohomology as a subspace of ordinary cohomology in degree 1. 

Lemma 3.11 dim {M ; T M) = q. 

Proof: By Lemma 13.91 the long exact sequence of the pair and Poincare duality, we have 
a short exact sequence: 



< TT, then 



Hl2{M;TM) ^{uj 



{M;TM)\Vuj = 0}. 



subspace is one dimensional. 



□ 



^ H\M;TM) H\dM;TM) H'^{M,dM;TM) 



Since H\M;TM) and H'^ 



{M,dM;TM) are Poincare dual. 



dim H^{M;TM) = - dim H^{dM;TM) . 



In addition, dim H^{dM;TM) = 2q (see |BLP2j or |WeiT] ^. 



□ 



Continuing the long exact sequence we get: 
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Corollary 3.12 The inclusion induces an isomorphism H'^{M;TM) = H'^{dM;TM). 



Let if*(7riM; R^Q^^^^j) denote the cohomology of the TTiAf- module with the action 
induced by ROT o hoi. Notice that the induced flat bundle over M is isomorphic to TM. 

Lemma 3.13 There is a natural map 

Wi7T,M;RloTohoi) - H\M;TM) 
which is an isomorphism for i = 0, 1 and an injection for i = 2. 

Remark 3.14 When i = 1, this map is the inverse of the isomorphism P in Lemma^S. 



Proof: There is a natural isomorphism if*(7riM; R^j^^^^^j) = iJ*(K(7riM, 1); R^^^.^^^;), 
where K{7riM, 1) denotes any aspherical CW-complex with the same fundamental group as 
M, and ^%oTohoi denotes the flat bundle over K{7riM, 1) with fiber R'^ and holonomy 
ROT o hoi. The space K{'K\M, 1) can be constructed from M itself by adding cells of 
dimension > 3. Thus the cohomology of the pair (i^(7riM, 1), M) is trivial in dimension 
< 2, and the lemma follows easily from the long exact sequence in cohomology for the pair 
{K{-KiM,l),M). □ 



Corollary 3.15 Let diM, . . . , dkM denote the components of dM. The restriction induces 
an injection: 



k 

^ H\7:iM-B.loTohoi) ^ 0^'(vri5iM;R|oToho«J 



1=1 



Proof: The result follows from Corollary 13.121 Lemma 13.131 and the asphericity of the 
surfaces diM. □ 



4 Varieties of representations 

Since M is three dimensional by a theorem of Culler, cf. [Culj . hoi lifts to a representation 

p = hol: vriM ^ Isoiir?R3 ^ SU{2) x R^ , 

and similarly ROT o hoi lifts to 

po = ROT o h^l : vriM ^ 30(3) ^ SU{2) , 

where ROT : Isom+R^ SU{2) is a lift of ROT. We will drop the notational distinction 
between hoi and hoi, resp. between ROT and ROT from now on. 

Let R{M,SU{2)) = R{^iM,SU{2)) and R{M,SL2{C)) = R{^iM, SL2{C)) denote 
the varieties of representations in SU{2) and SL2{C) respectively. Let X{M, SU{2)) and 
X{M,SL2{C)) be the varieties of characters. Let xo G X{M,SU{2)) C X(M,SL2(C)) 
denote the character of po- 

We recall some general facts about spaces of representations: 
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Let r be a finitely generated discrete group and G a Lie group. We equip R{T, G) with the 
compact-open topology. Once and for all we fix a presentation (71, ... , 7„|(rj)jg/). Without 
loss of generality we may assume that the set of generators contains with any of its elements 
its inverse. The relations rj determine functions fi : — > G which identify R{T, G) with 
the subset {fi = 1} C G". 

If G is a real algebraic group (as for example G = SU{2) or Isom+R^), the fi are 
polynomial functions and i?(r, G) acquires the structure of a real algebraic set. Similarly, 
if G is a complex algebraic group (for example G = 5'L2(C)), then R{T,G) is a complex 
algebraic set. 

Let G be the semidirect product of G and g defined via Ad : G — > Aut{Q). Let 
p G i?(r, G) be given. A simple but important observation is that z G Z^{r; QAdop) if and 
only if {p, z) G -R(r, G x^^^ g). The relations therefore determine functions gi : G" x g" ^ g 
such that R(T,GxAdQ) = {(/i,ffi) = (1,0)} and Z\T; QAdop) = {giipr) = 0}. Note that 
for p fixed the functions gi{p, •) ■ fl" ~* linear. If we identify TaG with g via right 
translation, then we have: 

Lemma 4.1 gi{p, •) = dfi{p) Mi G /. 

Proof: The differential of the group multiplication / : G x G ^ G at {Ai,A2) & G x G 
considered as a map df{Ai, A2) : g x g — > g via right translation is given by 

df{Ai,A2){bi,b2)=bi+Ad{Ai)b2. 

On the other hand the group multiplication law in G x y^^^ g reads 

{Ai, bi){A2, 62) = {A1A2, 61 + ^^(^1)62) , 

which proves the claim in this case. The general case is easily reduced to this one. □ 

In particular if the fi cut out R{T, G) transversely, then TpR{T, G) is identified with 
Z^{r; QAdop)- In general, if p G i?(r, G) is a smooth point, there is a linear injection 

T,R(r,G) Z\r; QAdop) 

which identifies TpR{T,G) with a subspace of Z^{r]QAdop)- This injection is known as 
Weil's construction, and it extends naturally to the non-smooth case by using the Zariski 
tangent space. A cocycle z is a coboundary, i.e. z G B^(r; QAdop), if and only if z is tangent 
to the orbit of the action of G on R{T, G) via conjugation. 

Lemma 4.2 po G R{M, SU{2)) is a smooth point with tangent space Z^(7riM; Rp^^). Sim- 
ilarly, po G R(M, SL2{C)) is a smooth point with tangent space Z^{TriM;5l2{C)Adopo)- 

Proof: There is an infinite sequence of obstructions for a cocycle z G Z'^(7riM; R^^) to be 
integrated into an actual path of representations tangent to z, cf. [GoUj . These obstructions 
live in ff^(7riM; R^^^). Using the injection of Corollary 13.151 and the fact that the obstruc- 
tions are natural, we conclude that they vanish, because they vanish in H^{7ridM;'R.^^). 
Then using Artin's theorem, cf. |Artj . they are in fact integrable. Thus every element in 
Z^{-KiM; Rp(,) is integrable, and therefore po is a smooth point of R{M, SU (2)) with tangent 
space Z^(7riAf;R^J. 

For SL2{C) the same argument applies since 5l2{C)Adopo is the complexification of the 
module su{2)Adopo = R-po- ^ 
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Proposition 4.3 xo £ X{M,SU{2)) is a smooth point of local real dimension q and tan- 
gent space isomorphic to //^(ttiM; R^^). Similarly, xo G X{M, SL2{C)) is a smooth point 
of local complex dimension q and tangent space isomorphic to H^{7:iM;5l2{C)Adopo)- 

Proof: Since po is irreducible, Z{pq{ttiM)) = {±1} in each case. Since SU{2) is compact 
(resp. the action of SL2{C) is proper on the irreducible part of R{M, SL2{C)), cf. |WeiH 
Lemma 6.24]) and the tangent space to the orbit is given by Z^(7riM; R^^j) (resp. by 
Z^{TriM;sl2{C)Adopo)), the result follows with Lemma HT2l □ 

The fiber of the map 

ROT : i?(M, Isoi^^+R3) ^ j^^m, SU{2)) 

at p £ R{M,SU{2)) is the the space of cocycles Z-^(7riM; R^), which is given by a system 
of linear equations whose coefficients depend continuously on p. Therefore its dimension is 
an upper semi-continuous function of p in general. 

If Po e R{M,SU{2)) is a smooth point with Tp^^R{M, SU{2)) = Zi(7riM;R3j (which 
is the case if the fi cut out R{M, SU{2)) transversely or for po = ROT o hoi according to 
Lemma l4.2p . then TpR{M, SU{2)) injects into Z^(7riM;Rp) for p in a neighbourhood of po 
via Weil's construction ([1]): 

TpR{M,SU{2)) Zi(7riM;R3) 
p I — > pp-^ 

and hence ROT : i?(M, Isom+ R^) — > R[M,SU{2)) is locally the projection of a vector 
bundle. More precisely we have: 

Lemma 4.4 ROT : i?(M, Isom+ R^) — > R{M, SU{2)) is isomorphic to the tangent bundle 
TR{M,SU{2)) near Po. 

Proof: The map 

TR{M,SU{2)) — > i?(M,IsoiJ^+R3) 
(p,p) I — > {p,PP~^) 

is a vector bundle isomorphism near po. □ 

Corollary 4.5 hoi € ii(M, Isom+ R^) is a smooth point. 

Let X £ X{M, Isom+ R'^) denote the character of hoi £ R{M, Isom+ R^). 

Proposition 4.6 x ^ X(M, Isom+R^) is a smooth point of local real dimension 2q. The 
induced map 

ROT : X(M,Isom?R3) ^ X{M, SU{2)) 

is locally the projection of a vector bundle isomorphic to the tangent bundle TX{M, SU{2)) 
near po. 
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Proof: Let us digress into a more general situation first: 

Let G be a compact Lie group, M a smooth manifold (not necessarily compact) and 
G X M ^ M a smooth free action. The associated infinitesimal action is the Lie algebra 
homomorphism g T{M,TM) defined by a i— > {p i-^- exp(ta)p}. Since the original 

action was free, this homomorphism is injective and we will identify q with its image in 
r(M, TM). 

Let G g be the semidirect product of G and g defined via Ad : G — > Aut{Q). We 
extend the natural action of G on TM via the differential to an action of the group G x g 
in the following way: 

{GKAd9)xTM ^TM 

{{g, a),v) I — > dg{v) + a{g{'K{v))) 

The relation dg{a{p)) = {Ad{g)a){gp) ensures that this defines a group action. This action 
is free since the original action was free, it is clearly proper. 

Lemma 4.7 T{M/G) = TM/{G x^^g). 

Proof: The fibers of the map dn : TM T{M/G) are precisely the orbits of the action of 
the group G x^d g on TM. □ 

We return to the situation of Proposition 14.61 

Clearly SU{2) x^d su(2) ^ Isom+ R3 via 5\x{2)Ad = as 5f/(2)-modules. For a 
representation (p, z) S R{M, Isom+ R'^) and (A, b) G Isom+ we have 

{A, b){p, z){A, b)~^ = {ApA-^,Az + b- ApA'^b) . 

Therefore the map TR{M, SU{2)) R{M, Isom+ R'^) is Isom+ R^-equivariant and Lemma 
14.71 yields the proposition. □ 

From the long exact cohomology sequence and Proposition 14.61 we obtain: 



Corollary 4.8 There is a short exact sequence 

0-^ H^{M; TM) (M; £) (M; TM) . 

Remark 4.9 Modulo the choice of a splitting of the exact sequence in Corollary cm 
infinitesimal deformation of the holonomy of the Euclidean structure on M is therefore 
determined by the infinitesimal deformation of its rotational part and of its translational 
part, and both can be independently prescribed. 

Let mi,...,mg G vriM a system of meridians for vriM (i.e. one for each component of 
Sing{G)). We define the angle function pj-.U C X{M, SU{2)) ^ R in a neighborhood U 
of XO) so that Pjixo) = ctj- It is related to the trace by the equality: 

tvace{p{mj)) = ±2 cos ^^^^ . 

In particular pj is analytic. We extend pj to a neighborhood in X{M; SL2{C)) as a complex 
analytic function: 

Pj:VcX{M, 5L2(C))^C, 
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so that the complex length of p{mj) is i fij (i.e. a translation of length Re{i fij) plus a ro- 
tation of angle Im{i /Uj)). 



The differentials dfij live in the cotangent space to the varieties of characters, thus 

dfj.j G H^{M; TM)* ^ i?i(M; TM) . 

Proposition 4.10 kei{dfii, . . . , dfiq) = {v), where v is the class of the holonomy cocycle. 
Proof: To check that dfij{v) = 0, we observe that 

H^{T^lM;'R%oTohol) H^{{'>T^j)'^^ROTohol) 

maps V to zero, because hol{mj) is a rotation with a fixed axis. In particular dfij evaluated 
at V is zero. To see the other inclusion, we use that 



keiidfii, dfig) = H\M; TM) n {[iol 



enJ 1 • • • ' L^ienJ / ' 

where we view H^{M]TM) as a subspace of H^{dM;TM) via Lemma 13.91 Since the 
forms w^g^ are near the singular locus according to Lemma 13.31 we conclude that 
ker(d^fi, • • • , d^ig) C Hl^iM; TM), which we view as a subspace of H^{M; TM) via Corol- 
lary [STini Since Hl2{M;TM) is spanned by [id] the result follows. □ 

Corollary 4.11 dim((i/ii, . . . , d^q) = q — 1. 

5 Regeneration of structures 

Along this section denotes either S'^ or H^. The stabilizer of a point p € X'^ is isomorphic 
to SU{2) = Spin{3). Thus we view po as a representation of ttiM in this stabilizer. 
We consider a path of characters 

[0,e) Isoiir^X3) 
t ^ Xt 

with xo = Xpo- Assume that this path is differentiable to the right at 0. The derivative 

^(0) is an element of H^{TTiM;QAdohoi), where g is the Lie algebra of Isom+ X^ (using 
Weil's construction). 

The Lie algebra g decomposes into rotational and translational part with respect to p: 

O^i^Q ^T^' TpX^ ^ 
where t = su(2) is the Lie algebra of the stabilizer of p G X^. Thus 

trans (^(0)) G H\^^M-Yi%oTohoi) ■ 

Theorem 5.1 Let {xt}tG[o,e) o, path in X{M, Isom+ X'^) with xo = Xpo '^'^^ differentiable 
to the right at 0. If trans{^^{0)) = v, then xt is the holonomy character of a X.^ -structure 
on M , for t G (0, 5) and some < 5 < e. 

If in addition XtinT-j) is a rotation for each meridian mj, then the structure on M 
completes to a cone manifold structure. 
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Proof: Consider X^, the space of constant sectional curvature et^, where e = ±1 is the 
curvature of X^, for t £ [0,e). Equivalently, X^ is X"^ with the metric tensor scaled by t~^. 
We fix a base point p in Xf independently of t, so that the pointed Euclidean space (Xo,p) 
is the limit of (Xt,p) when t ^ 0, and consider the union 

x= U X,. 

t£[0,e] 

We equip X with a manifold structure, using the local charts given by the exponential 
maps at p and the parameter t € [0,e), after identifying isometrically Tp'Kt = for every 
t S [0, e). Notice that the choice of p is relevant for the topology of X. 

Choose a smooth path of representations pt with character xt so that po = ROT o hoi 
and trans{^{0)) = trans{hol). 

Lemma 5.2 For every 7 G iriM , the action of ptij) on X^ for t > extends continuously 
to the action of hoi {^y) on Xq for the -topology. 

Notice that pt acts on Xt isometrically, since rescaling the metric does not change the 
isometry group. The previous lemma provides an action on X, which is isometric on each 
Xt. 

Proof: We start describing the local coordinates. Let expp^ : TpXj Xt denote the 
Riemannian exponential. Using the isometric identification R'^ = TpX-t, we have 

expW(i;) = expp(tt;) Vt; G R^, 

where exp^ = expp'^^ : TpX^ — > X'^. Thus, the (inverse of) the local charts is given as 
follows. Given an open set V C R'^, V x [0, e) parametrizes a subset of X via the map: 

Vx{0} ^ Xo Vx{0,e) ^ X 

(^^,0) ^ V {v,t) ^ expi^\v) = exppitv) e^t ' 

To prove the lemma it suffices to show that 

lim yexp"^(pt(7)exp (tw)) = hol{'y){v) 

uniformly for v G R'^ in a compact set for the C^-topology. 

The Lie algebra of IsomXi decomposes as a sum g = t + p, where t is the subalgebra of 
infinitesimal rotations around p and p the subspace of infinitesimal translations with respect 
to p. There is an isometric identification p = TpXi = R'^, so that for any v G R'^: 

expp{v) = exp{v){p), 

here we view v G I],Xi = R"^ when we write expp(f) and v £ p for exp(u)(p). 

According to global Cartan's decomposition, we write pti'y) = exp(6t)at, where bt £ p 
and at belongs to the stabilizer of p in Xi. Notice that ^ ~^ trans{hol{'~f)) as t — > by 
hypothesis. 

Using this notation: 

pt(7)(expp(i-y)) = (exp(6t) at exp(tt;))(p) = (exp(6t)at ex.p{tv) a^'^){p) = 

expibt) exp{t at{v)){p) = exp{bt + tat{v) +t^ C){p) 
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where C = C{bt/t,at,v,t) is an analytic function. Here we use that bt = 0{t) together with 
the Campbell-Hausdorff formula. Using again this formula and the fact that at{v),bt € p, 
we get: 

pt{'y){expp{tv)) = expp{bt + tat{v) +t^C'), 
where C = C'{bt/t,at,v,t) is also analytic. Hence 

^exp~^(pt(7) expp{tv)) = at{v) + y + tC'{bt/t,at,v,t). 

When t ^ this converges to hol{^){y) uniformly for u in a compact subset of R^, because 
^ trans{hol{'j)) and oq = Po{l) is a lift of ROT{hol{'j)), by hypothesis. 

To prove convergence in the C^-topology, we write v + ew with v,w G R^, and e > 
small. The previous calculation yields easily: 

^ expp^{pt{'y) expp(t {v + e w))) = at{v + e + y + tC\bt/t, at, v + ew,t) . 

We can compute the derivative with respect to e when e = and we get C^-convergence. □ 

We modify slightly Goldman's construction to deform the structure. Let M be a compact 
core of M = C^"^°°'^'^. Consider E = M y-T^-i^M X, which is a bundle over M with fiber X. 

It is in fact a union of bundles Et = M x^^^m Xj with fiber X^. Each Et has a natural flat 
connection that varies continuously with t. The developing map of the Euclidean structure 
induces a section s : M ^ E with values in Xq transverse to the flat connection. Since 
the image of s is compact, we compose it with the flow $j of the vector field tangent to 
the direction of t (this is defined globally when e = — 1 but not when e = 1, because Xq 
is not homeomorphic to X^). For small values of t > 0, ° s : M ^ Et is a section, still 
transverse to the flat connection by C^-continuity, hence inducing a developing map. 

This provides a structure on M, that can be completed by controlling its behavior on 
dM, using the hypothesis about the meridians. □ 

The volume of these cone manifolds is increasing with t, because the starting Euclidean 
structure is viewed as totally degenerate with volume zero. In fact we get more precisely: 

Proposition 5.3 (Schlafii's formula) Let Ct be the family of cone manifolds constructed 
in Theorem \5.1\ of constant curvature X € R. Assume moreover that the path of characters 
is analytic. Then 

K d vol = - lenght(e)dae 

e 

where the sum runs over the edges and circles e of Sing[C). 

Sketch of proof. The construction of developing maps in the proof of Theorem 15.11 can be 
made so that we have a set of points Z = {zi . . . ,Zk} such that the balls BrX^t) cover 
C, where is much smaller that the injectivity radius, and T>t{zi) varies analytically (we 
assume that the path of characters is analytic). Let Ct the cone structure with holonomy 
Xt and define 

Pi{t) = {x eCt\ d{x, Zi) < {x, Zj) Vj = 1, . . . k} 

By construction, this Pi is an analytic family of polyhedra in the space X^. Analyticity 
implies that the topological type of Pi changes in a discrete subset of times t. Thus we 
may apply Schlafii's formula to them. Adding all the terms, we get the formula of the 
proposition, because the contribution of nonsingular edges is trivial. See [Porl Prop. 4.2] 
for further details. □ 
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Remark 5.4 In the hyperbolic case, Isom+ = SL2{C) and sl2(C) = su(2)®rC. There- 
fore in this case trans : H^{niM;gAciohoi) ^^i'^^^'^^ROTohoi) '^'^^ viewed as the 
imaginary part. 

In the spherical case, Isom+ = SU (2) x SU{2) and the Lie algebra of the stabilizer 
of a point p G is conjugate to the diagonal subalgebra o/su(2) x su(2). Therefore in 
this case trans : H^{TTiM;gji^dohol ohoi) ''^'^ viewed as the difference 

between factors. 

Remark 5.5 For every p with character Xp G ^ C X{M, SL2{C)), 
p{nii) is a rotation if and only if Pi{Xp) £ 
For every {pi,p2) with character {Xpi,Xp2) U x U C X{M,SU{2)) x X{M,SU{2)), 
ipi{mi),p2{mi)) is a rotation if and only if Pi{Xpi) = l^i{Xp2)- 

6 Constructing paths of hyperbolic and spherical structures 

Up to changing the indices, by Corollary 14 . 1 1 1 we may assume that dp,2, ■ ■ ■ , dpq are linearly 
independent. Thus the set 

C = {x G f/ C X(M, SL2{C)) I ^^i{x) = fnixo), i > 2} 

is a smooth complex curve in a neighborhood U of xo- 

Notice that the class of the holonomy cocycle v is the tangent vector to C at xo; by 
Proposition 14. lOl Thus, using Remark 15.41 we have: 

Remark 6.1 To every path 7 : [0,e) — > C with 7(0) = xo md Im(7'(0)) 7^ 0, Theorem \5.1\ 
applies. 

Lemma 6.2 The restricted map pi\c.C ^ C is a branched covering of degree two. 

Proof: By Proposition 14.101 d/^i|c(xo) = 0, thus pi\c is either constant or a branched 
covering of degree d > 2. Seeking a contradiction, assume that p,i\c is constant, then 
we have a path of characters in the curve C to which we apply Theorem 15.11 Since each 
Hi stays constant on this curve, this path corresponds to hyperbolic cone manifolds with 
constant cone angle. Thus by Schlafli's formula (Proposition l5.3p they have constant volume, 
contradicting the fact that the volume increases from zero. Thus pi \c is a branched covering 
of degree d>2. 

To prove that the degree d is precisely 2, we assume that d > 2 and seek again a con- 
tradiction. We look at the inverse image or real points (/ii|c)~^(R), because for characters 
here, the image of pi is a rotation. This inverse image is a graph with 2d branches starting 
at xO) and the angle between the branches is n/d. Thus two of the branches are real and 
the remaining 2d — 2 have nontrivial imaginary part. Hence Theorem 15.11 applies to those 
2d — 2 branches. In addition, if d > 2, then there are branches for which pi is strictly larger 
than pi{xo) and branches for which pi is strictly less than pi{xo)- Since pi is the cone 
angle, we have constructed regenerating families of hyperbolic cone manifolds with both 
increasing and decreasing cone angles, contradicting Schlafli's formula. □ 
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Corollary 6.3 There is a family of hyperbolic cone structures obtained by decreasing ai. 

Proof: Since ^i\c is a branched covering of degree 2, (/ii|c)~^(R) has 4 branches starting 
at xo- Two of them are real, and to the other two one apphes Theorem l5.1[ The cone angle 
ai of those branches must decrease by Schlafli's formula. These two branches correspond 
to complex conjugate representations, i.e. with opposite orientations, because changing the 
sign of V corresponds to changing the orientation. □ 

Proposition 6.4 There is a family of spherical cone structures obtained by increasing ai. 

Proof: To construct the spherical structure we consider 

V = Cr\X{M, SU{2)). 

This is a real analytic curve in a neighborhood V of xo- It is the set of real points of C. 

By Lemma [621 the map hi\t)'-T> — > R is locally equivalent to the map x ^ vn a. 
neighborhood of € R. Thus the inverse fiber of the map ^i\t) consists of pairs of points, 
except for /ii(xo)i which consists of a single point. Let 2?^ C P be two subintervals of T> 
such that V+VJV~=V and P+ n P~ = {xo}- We consider the set 

S = {(x+, X-) G P+ X I ^i(x+) = W(X-)} 

because ^'^[x+) = l^i{x~) is the condition that guarantees that (x+, X-) is the character of 
a representation p in Spin{4) so that is a rotation, by Remark [5. 5 1 Theorem 15.11 applies 
to the latter two branches, because the difference of tangent vectors gives the translational 
part, that is necessarily a non-zero multiple of v (see Remark 15. 4p . □ 

If we replace P+ x by D" x (i.e. we change the order of the factors) then we get 
the same structures with different orientation. 

Remark 6.5 We have constructed regenerations by deforming the cone angle ai because 
we assumed that the forms 

dfi2, ■■■,dfiq 

are linearly independent. Below in Corollary \7.8\ we prove that the linear relation satisfied 
by these forms is: 

g 

li d^i = for some k > 0. 

1=1 

Thus we can regenerate by deforming any of the cone angles. 

7 Fold locus and Euclidean structures 

Now we analyze the behavior of the real analytic map 

fi = ifii,...,fi,):X{M,SU{2))^B.'^ 

in a neighborhood of xo- 
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Lemma 7.1 In a neighborhood of xo : t-i- equivalent to the map 

{xi,X2, ...,Xq)^ {x'l,X2, ...,Xq) 

in a neighborhood of the origin via a real analytic change of coordinates at both the source 
and at the target. 

Proof: By Corollary 14. 1 II and up to permuting coordinates, we may assume that the forms 
df^2, • • • , djiq € T*^X{M, SU (2)) are linearly independent. Thus the set 

V = {xeUc X{M, SU{2)) I /i,(x) = fliixo), i > 2} 

is a smooth (real analytic) curve in a neighborhood U of xo- By Lemma 16.21 we can choose 
real analytic coordinates (xi, . . . ,Xq) in a neighborhood of xo with Xi{xo) = such that 
Mill? = Mi(xo) + and //j = f^iixo) + Xi for i > 2. Note that the curve V corresponds to 
the xi-axis in these coordinates. 

Since dni/dxi{0) = and d'^ fii/ 8x1(0) = 1, the implicit function theorem yields 
that the set {dfii/dxi = 0} is locally around the graph of a real analytic function 
/ = f{x2, . . . , Xq). Let g = g{x2, ■ ■ ■ , Xq) be the real analytic function defined by 

g{x2, ...,Xq)= Ml(/(X2, ...,Xq),X2,...,Xq). 

Let further h be the unique real analytic function satisfying 

. . . ,Xq) = fii{xi, . . . ,Xq) - g{x2, ■ ■ ■ , Xq) 

and dh/dxi{0) = 1. Then the map cp defined by 

<j){xi, ...,Xq) = {h{xi, . . . ,Xq),X2, . . . ,Xq) 

is a local diffeomorphism. We obtain fiiocj)'^ = Xi+g{x2, ■ ■ ■ , Xq) and ^jO(^~^ = Xj + /ij(xo) 
for i > 2. With the local diffeomorphism ip defined by 

... ,Xq) = {Xi - g{x2, Xq),X2 - fJ-2{Xo), ■■■,Xq- fJ-g{Xo)) 

we obtain ijj o jiio <^~^(xi, . . . , Xq) = {x\^X2, • • • , Xq). □ 

Remark 7.2 The same result holds true for the complex analytic extension 

tx={lii,...,liq):X{M,SL2{C))^C'i 
just by composing with the complex analytic extensions of the coordinate changes. 

Definition 7.3 The fold locus J- C X{M, SU{2)) is the set of points where /i is not a local 
diffeomorphism. 

In the coordinate system of Lemma l7. II the fold locus is the set {xi = 0}, hence: 

Corollary 7.4 There exists a neighborhood U of xo such that both nU and H U) 
are codimension one submanifolds. In addition, for each x G dimker((i/ii, . . . ,dfj,k) = 1. 

Proposition 7.5 Each x ^ ^ f^U is the rotational part of the holonomy of a Euclidean 
cone manifold structure. The translational part lies in ker((i^i, . . . ,d^k). 



17 



Proof: When we deform a character x hi ^ we can also deform continuously the vector 
V in ker((i/ii, . . . ,dfj,k) C T^X{AI, SU{2)), which is a one dimensional subspace that varies 
continuously, by Lemma [7.1i This corresponds to deforming continuously the holonomy hoi 

by a family of representations of ttiM in Isom+R^. The condition v G ker{dfii, . . . ,dfik) 
ensures that the image of meridians are rotations (cf. |Porl Prop. 9.6]). Since those rep- 
resentations map the meridians to rotations, it follows that they correspond to holonomy 
representations of Euclidean cone manifolds. □ 

Corollary 7.6 Points of E = /x(^) are angles of Euclidean cone manifold structures on 
C. 

Let / = {li, . . . ,lq) denote the lengths of the singular circles and components of C. Those 
are unique up to homothety. 

Proposition 7.7 The vector I is normal to E = fJ-{J-) at nixo)- 

Proof: This is a consequence of Schlafli's formula (Prop. 15^31) . □ 
Corollary 7.8 On T^,, (X(M, 5C/(2))), J^i^dfn = 0. 

Proof: It holds on T^gJ' by Proposition 17.71 In addition, it also holds on -y = [trans o hoi]. 
By Lemma iTT] and Proposition 14.101 those spaces generate the whole T-^q{X{M, SU (2)). □ 

It follows from this corollary that we can regenerate into hyperbolic or spherical cone man- 
ifold structures by decreasing or increasing any of the cone angles, the geometry depends 
on the sign of ^ lio'^. (See Remark 16.51 ) 

Corollary 7.9 (Local Rigidity for Euclidean cone manifolds) Let C be a closed Eu- 
clidean cone manifold with cone angles < vr which is not almost product. Then deformations 
up to dilations of C into Euclidean cone manifold structures are parametrized by the q cone 
angles in a manifold E of dimension q — 1 and transverse to the vector of singular lengths 
I = {li, . . . ,lq). 

Proof: The previous analysis determines all representations of vriM into Isom+ up to 
conjugation that map meridians to rotations, i.e. pairs {v, Xp) such that xp G ^{^i SU{2)) 
and further v G ker((i/xi, . . . , d/Xfc) C T^X{M, SU{2)), see Figure [H □ 

Corollary 7.10 (Local Rigidity for regenerations) Let C be as above. Then deforma- 
tions of C into constant curvature structures up to dilations are parametrized by the q cone 
angles, and the type of geometry depends on the side of E. 

Proof: The analysis of this section and previous ones determine the structure of the spaces 
of characters of vriM in Isom+X^. Namely, spherical regenerations correspond to pairs of 
5C/(2)-characters {x+,X-) such that /i(x+) = ^(X-)- According to Lemma iTT] these pairs 
are determined by the value of /i, which is the multiangle of the structure, cf. Figure [TJ 
Hyperbolic regenerations correspond to S'L2(C)-characters x with /^(x) £ R-"^! which are 
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X{M, SU{2)) 
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Figure 1: Geometry of the map n and the fold locus. 




Figure 2: The locus of 5L2(C)-characters having real traces. 

not S'C/(2)-characters, cf. Figure [5J Again such a character is determined up to complex 
conjugation by the value of /i. 

Next, we shall show that the deformations of the structures are uniquely determined by the 
deformations of the characters, adapting an argument from |Gol2j . 

Let M be a compact core of M = C'^^""^^, so that we will consider deformations of 
structures on M, knowing that the structure on the surface dM is determined by the 
holonomy, and the structure on M — Af is given by taking the cone. 

Using the notation of Section [5l E = U^gjo,*)-^* the union of flat bundles Et with fiber 
Xt the space of constant curvature itt^, and holonomy the deformation of the Euclidean 
holonomy representation. Since Et is flat, there is a horizontal foliation, which is also used 
to define locally a projection onto the fibers X^. 

The Euclidean structure is induced by a section sq: M ^ Eq transverse to the horizontal 
foliation. In Section[5l sq is deformed to st : M — > Et, following the flow in the time direction 
on E. Let crt: M —> Et be another deformation, i.e. a section of class such that ctq = sq 
and CTtlgj^ = stlgjj- We claim that, for t > sufficiently small, there exist a diffeomorphism 
ht of M isotopic to the identity so that the developing maps corresponding to at and st o ht 
are equivalent (namely, the sections at and stoht composed with the local projections to Xj 
differ by isometries of Xf). Following |Gol2| . we take a foliated neighborhood of sq{M) 
in Eq, so that the intersection of leaves with are balls, and consider N x [0,t) in E, via 
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the flow as in Section [5j For t sufficiently small, closeness and transversality imply that 
the image of both st and at meet each horizontal leave in x {t} precisely once. The 
intersection with the horizontal leaves can be used to define the map ht as in |Gol2j . □ 



8 Global results 

In this section we finish the proof of Theorem II. 31 We first establish some properties of the 
set of Euclidean angles and recall some results about the set of hyperbolic and spherical 
ones. 

Let E denote the set of multiangles with a Euclidean cone manifold structure. 
Proposition 8.1 E is a properly embedded hypersurface of (0, vr)''. 

Proof: First we show that every Euclidean cone manifold structure on C with cone angles in 
(0, vr) is not almost product. This will imply that E is a q — 1 submanifold, by Corollary 17.61 
By contradiction, we assume that there exists such a Euclidean cone structure on C which 
is almost product. Since all cone angles are in (0,7r), this implies that C is Seifert fibered 
and Sing{C) is a union of fibers. By Corollarv 12.31 i^i this case C is almost product for any 
cone angle, contradicting the hypothesis of Theorem 11.31 

To prove properness, we show that if Xn is a sequence in E converging to Xqo G (0, vr)'', 
then € E. Let C„ be the corresponding sequence of cone structures on C with multi- 
angles Xn- We can rescale them so that diamC,i = 1. Since the cone angles are uniformly 
< vr, by Theorem 5.3 and Corollary 5.4 of |BLP2j the cone manifolds Cn are uniformly 
thick: they have a base point Xn G C„ with inj{xn) > c > 0. Thus they have a convergent 
subsequence to a Euclidean cone manifold of diameter 1, hence a cone structure on C with 
cone angles Xoo- D 

In |Wei21 Ch. 3] the following proposition is proved, which applies to C under the assump- 
tions of the paper. 

Proposition 8.2 If a ^ (0, vr]'' is a multiangle of a spherical cone structure on C which is 
not Seifert fibered, then every (3 = . . . ,(3q) € (0,7r]'' with ai < Pi is the multiangle of a 
spherical cone structure with cone angles (3. 

If a (z (0, vr]'' is a multiangle of a hyperbolic cone structure on C, then every /3 = 
(/3i, . . . , Pg) £ (0,7r]'' with < Pi < ai is the multiangle of a hyperbolic cone structure with 
cone angles p. 

Remark 8.3 When all cone angles are vr, the orbifold is spherical and hence small (without 
essential 2-suborbifolds). In particular all turnovers in C are compressible or boundary 
parallel. 

Before proving Theorem 11.31 we need to establish incompatibility between structures of 
different sign. We normalize the constant curvature to be —1, or 1. 

Lemma 8.4 Given a = (ai,...,ag) € (0,7r]'', a cannot be the multiangle of two cone 
structures with different normalized constant curvatures ('—I, orl). 
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Proof: Seeking a contradiction, assume for instance that a G (0, vr]'^ is the multiangle 
of a hyperbohc and EucUdean cone structure simultaneously. Using Corollary 16.31 the 
Euclidean cone structure can be regenerated to hyperbolic ones, which, by construction, 
have arbitrarily small diameter, and also cone multiangle arbitrarily close to a. On the 
other hand, when we perturb the hyperbolic cone structure with cone multiangle a, we 
find hyperbolic cone manifolds with the same multiangles but diameter bounded below 
away from zero. This contradicts the global rigidity of hyperbolic cone manifolds proved in 
[Wei 21 Thm. 1.4]. The same argument works for spherical and Euclidean (global rigidity 
in the spherical case is the content of |Wei21 Thm. 1.7]). 

Finally we deal with the case that a is simultaneously the multiangle of a hyperbolic 
and spherical structure on C. Consider n S N sufficiently large so that 27r/n < Oj for 
i = 1, . . . ,q. By Proposition 18.21 . . . , ^) is the multiangle of hyperbolic cone manifold, 
hence a hyperbolic orbifold. Notice that this orbifold cannot be spherical, because its 
fundamental group is infinite. Consider now a path of cone multiangles between a and 
(^, . . . , ^) which is decreasing along each component. By Proposition 18 . 21 every multiangle 
in this path corresponds to a hyperbolic cone structure. However, sphericity must fail at 
some multiangle of this path, because (^)---)^) is not the multiangle of a spherical 
structure. By the arguments in the proof of Proposition 18.11 when sphericity fails we find 
precisely a Euclidean structure, and we have reduced to the first case of incompatibility 
between hyperbolic and Euclidean structures. □ 

The following proposition is also used in the proof of Theorem 11.31 

Proposition 8.5 Every multiangle in [0, vr)'' with at least one angle is the multiangle of 
a hyperbolic cone structure. 

Proof: By |Wei21 Cor. 1.5], the smooth part of C is hyperbolic. Applying Thurston's 
Dehn filling theorem, we have the proposition for a neighborhood of the origin. To cover 
the rest of the multiangles, we just have to enlarge some of the angles, keeping the other 
ones equal to zero (i.e. complete cusps). Thus we have a lower bound on the cone angles, 
and in addition the diameter is infinity. Applying the results of |BLP2| . we can enlarge 
each one of the cone angles up to < vr. Notice that some convergence results of |BLP2] 
apply to cone manifolds without essential turnovers. In our case there are no turnovers by 
Remark 18.31 except if we allow cusped turnovers (i.e. turnovers with some cone angle 0). 
However cusped turnovers are not a problem in those arguments, because all cone angles 
are < tt, and therefore they cannot converge to a Euclidean cone 2-manifold. □ 

Remark 8.6 The hyperbolic structures of the previous proposition can be deformed in a 
neighborhood in [0, Tr)*^. 

This remark can be easily proved adapting the arguments of the proof of hyperbolic Dehn 
filling for orbifolds in \BF\ App. B] and using the infinitesimal rigidity results established 
in [WeiT] . 

Proof of Theorem \1.3l ' Assume first that C is a Euclidean cone manifold as in the statement 
and all cone angles are vr. Then using the regeneration results of Section [6] and Proposi- 
tion [821 every point in (0, vr)"^ is the multiangle of a hyperbolic cone structure on C. 

Assuming that at least one of the angles of C is < vr, then there exists a spherical 
cone structure on C with all cone angles vr, again by Section [6] and Proposition 18.21 We 
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consider all segments in [0, vr)*^ starting at (vr, . . . , vr) and ending at some point with at least 
one coordinate zero. The first point of the segment is the multiangle of a spherical cone 
structure and the last one is the multiangle of a hyperbolic one, by Proposition I8.5i By 
Remark 18.61 we can assume that the multiangle of the hyperbolic structure lies in the open 
cube (0, vr)'^. Starting at (vr, • ■ • ,7r), we move along the segment by decreasing the cone 
angles and obtaining a family of spherical cone manifolds. This family cannot be spherical 
all the time because the endpoint of the segment corresponds to a hyperbolic structure and 
they are incompatible by Lemma 18.41 Since all cone angles are < vr, then the end of the 
spherical subsegment is the multiangle of a Euclidean structure, by the same argument as 
in Proposition [8Tj By the regeneration results of Section [6] and Proposition [H^l we connect 
the multiangle of this Euclidean structure to the endpoint of the segment by multiangles of 
hyperbolic cone structures. 

The previous argument shows that every point in (0, vr)'? is the multiangle of a constant 
curvature cone structure on C, and that ii^ is a hypersurface that divides (0, vr)'' in two 
components H and S corresponding respectively to hyperbolic and spherical multiangles. 

For the uniqueness, notice first that in Lemma [83] we establish incompatibility between 
hyperbolic, spherical and Euclidean for a given multiangle. Global rigidity for hyperbolic 
and spherical structures is proved in [Wei2j . Using local rigidity of the regenerations (Corol- 
lary IT.lOp and global rigidity for the hyperbolic structures, we get global rigidity for the 
Euclidean ones. □ 



In this section we illustrate the main theorem for cone manifold structures on the 3-sphere 
with singular locus given by the Whitehead link, which is the 2-component link depicted 
in Figure [3l Furthermore we discuss geometric structures corresponding to multiangles 
contained in the boundary of [0,7r]^ to some extent. 



R.N. Shmatkov has computed the curve of multiangles of Euclidean structures by construct- 
ing the corresponding cone manifolds explicitly, cf. [Shmj . These structures are not almost 
product. The hyperbolic region had earlier been computed by A. Mednykh in a similar way, 
cf. [Medj and references therein. 

Alternatively, one can proceed as follows: Let M denote the complement of the White- 
head link in S^. If a, 6 £ vriM are meridians around the two components of S, the funda- 
mental group has the following presentation, cf. |HLMj : 



with w = hah ^ah. The 5L2(C)-character variety of M has been computed in [HLM] . 



9 The Whitehead hnk 




Figure 3: The Whitehead link. 



TTiM = (a, 6 I awa w ) 
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Namely, after identifying X{M, 5^2 (C)) with the image of the map 



{ta,h,tab):R{M,SL2{C))^C 



i3 



p 1-^ (tr /3(a), tr /3(6), tr p{ah)) 



in C^, it is given by 



X(M,5L2(C)) = {(x,y,z) gC^: 



P{x,y,z) ■ q{x,y,z) = 0} 



with 



p{x, y, z) = xy — {x^ + 2/^ — '2)z + xyz^ — z^ 



and 



g'(x, y, z) = + + — xyz — 4 . 



Again by |HLMj . the irreducible part of the character variety, i.e. those characters which 
correspond to irreducible representations, is given by 



y, z) = 0} n y, z) = 0)} = {x = ±2, z = ±y} U {y = ±2, z = ±x} . 

Holonomy representations of hyperbolic cone manifold structures lift to irreducible rep- 
resentations p with ta(/o) G (~2,2) and £ (—2,2). We may write 

X = ±2cos(a/2) 



with a and /? the cone angles around the two components of S. 

Rotational parts of Euclidean holonomies correspond to representations as above where 
in addition ta and % fail to be local coordinates. This is precisely the locus where the 
discriminant of p computed with respect to the variable z vanishes. The discriminant is 
given by the following polynomial: 



For the resulting curve of multiangles of Euclidean cone manifold structures see Figure HI 

For multiangles contained in some parts of the boundary of [0, vr]^ we can construct 
cone manifold structures as well using our main theorem: For multiangles of the form 
(0,/3), < /? < vr, resp. (a,0), < a < vr, we obtain hyperbolic cone manifold structures, 
whereas for multiangles of the form (vr,/?), 7r/2 < /3 < vr, resp. (a,7r), 7r/2 < a < vr, we 
obtain spherical ones. 

A A^i/-orbifold structure with branching indices (4,2), resp. (2,4), i.e. corresponding to 
multiangles (7r/2,7r), resp. (7r,7r/2), has been constructed by E. Suarez, cf. [Suaj . 

For the remaining part of the boundary we do not give a complete description, we rather 
prove the following statement: 

Lemma 9.1 There is no hyperbolic cone manifold structure corresponding to multiangles 
contained in [0,7r/2) x {vr} U {vr} x [0,7r/2). 



X-^(M,5L2(C)) = Mx,2/,z 



) =0}\{(/(x,y,z) = 0}; 



moreover 



and 



y = ±2cos(/3/2) 



/(x, y) = x^y^ - 2x''/ + 2x^7/^ + x^y^ + 2x'^y^ - llx^y^ + 32 
-48x2 - 48?/2 + + 24x^ - Ax^ - 4y^ . 
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(0,7r) 



(vr/2,7r) 



{it, it) 




(vr,V2) 



hyperbolic 



(0,0) 



(^,0) 



Figure 4: The curve of Euchdean multiangles and the hyperbolic and spherical regions. 

Proof: Let us suppose there existed such a structure. Then we consider the double branched 
cover of branched along the component of the Whitehead link with cone angle ir. This 
branched cover is again since the components of the Whitehead link are unknotted. The 
other component of the Whitehead link lifts to the torus link r(4, 2), whose complement is 
known to be non-hyperbolic. On the other hand the lift of the intital hyperbolic cone metric 
will be a hyperbolic cone metric on with singular locus T(4, 2), which is a contradiction 
in view of the results in |Wei2j . □ 

Remark 9.2 Multiangles of the form (27r/?i,7r), resp. (vr, 27r/n), with n>5 correspond to 
orbifold structures modelled on PSL2(R)- geometry. 
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